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* Sound speed resonance (SSR) mechanism

* The induced GWs in the SSR mechanism

* Summary



Sound Speed Resonance (SSR)
Mechanism



SSR Mechanism

» A phenomenological model with a time-dependent c2:

Sso = /dgi:dta [ qf) — —C (3 0Q) ]
» Oscillating sound speed:
Fﬁ =1 — 2¢[1 — cos(2p.7)| with 7 > Til

The amplitude: &is small and & < 1/4 such that ¢Z is positively definite.
The characteristic scale: p, 1s the oscillation frequency.
The beginning of oscillation: |p.t;| > 1.

» Equation of Motion-

1" 2, 2 2"
T_.?p + (CSP — ?) rUp = 0
Mukhanov-Sasaki variable: v =z¢ 2= V2ea/cs with e = —H/H?

Y.-F. Cai, X. Tong, D.-G. Wang, and S.-F. Yan, Phys. Rev. Lett. 121, 081306 (2018)



SSR Mechanism

The EoM can be rewritten in the standard form of the Matheiu

equation: 220
d:}:; + (Ap — 2qcos2z)v, =0
P’ P
where T = kT, p5—2+2q—4£,q5(2——2)5
Pk Px

Parametric resonance

» Non-trivial mode function (combinations of the Mathieu sine and
Mathieu cosine functions):

o HI[RS) (CW) ~ C'(0) + C(s) (~iS() + S'(v)
p-(7) —S(0)C'(0) 1 C(0)50)

where S= —PuT, U = —p*ﬁ-,.C(:}:) = 0(1.’ £, :B.)’. S(x) = S(1,&, ),
C'(z) =0C(1,&,x)/0x, S"(x) = 0S(1,&,x)/0x.




SSR Mechanism

» Enhanced curvature perturbation:

Pe(p) = As (k%) ) {1 + [5(13 —px) + i and(p — np*)} }

Enhancement factor n=2
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Induced Gravitational Waves in the
SSR Mechanism



PBHs as the Sources of the Gravitational Waves

» PBHs as the sources of GWs:

Gauge-invariant second-order perturbations
and non-Gaussianity from inflation

* PBHs merger:
Viviana Acquaviva®', Nicola Bartolo »*?, Sabino Matarrese *<,
Merger events observed by LIGO (solar masses)

* Induced GWs: p—

‘We present the first computation of the cosmological perturbations generated during inflation

- - up to second order in deviations from the homogeneous background solution. Our results, which
t t e n 0 n - I n ea r eve I e re n t - m 0 es O Sca a r fully account for the inflaton self-interactions as well as for the second-order fluctuations of the
]

background metric, provide the exact ssion for the gauge-invariant curvature perturbation

bispectrum produced during inflation in

perturbations couple with each other and could be the Erimrmmimonr e,
sources of the tensor perturbations, i.e. the GWs.

of the slow-roll parameters. The bispectrum represents

forthcoming satellite experiments.
© 2003 Elsevier B.V. All rights reserved.

Idea: The enhanced primordial density perturbation
might induce the large GWs! These could be another
Indirect detect way of PBHs.



Basic Formulae for the Gravitational Waves

» The Background:

Spatially flat Friedman-Robertson-Walker (FRW);

Friedmann equations:

» The EoM for the GWs:

hi; (7, x) +2Hh (7, %) — V?h; (1, %) |~4’T£mS (1,x) ‘ TT part of the sources

TT projection:  7ms,,(r.x) = Y f G

(K) €1 (k) Sprn (7, k)
A=+,X

- : A N 27 A o) The two polarizations
In Fourier space: ‘hk (1) +2Hhy (1) +Ek“hy (7) = Sk('r)‘ might not be equivalent

In the present of source
where Si () = —4ep,,, (K)Spn (1, k) terms.




Basic Formulae for the Gravitational Waves

» The solution of the GWs (Green function method):
hﬁ('r) :/ dr gk (T, Tl)Sﬁ('rl)

where QE(T: 1) + 27{9;{(7: 1) + kggk(’ra 1) =0(7 —71)

» The power spectrum:
(hie(T)hiis (7)) = (2m)267%6) (k + k’)—mk )
The canonical quantization of the GWSs (Ford&Parker1977):
hiy = h(r)ag + hp*(r)alh
The equal time canonical commutation:
lag, ag] = 67*(2m)*6®) (k — p),
e, ap) = [ay agl] =0 .



Basic Formulae for the Gravitational Waves

» The energy spectrum (a stochastic background of the GWs):

1 dp(}w(’?', k)
po(t) dlnk

The effective energy density of the GWs:

SPZ(.‘;J,,.‘*,,I(’:"j k.‘) —

1 / / Man
B o y problems,
PGW = 32?1‘@62(’?') ch‘ij' h’ff&'} but most used one.

The relation to Py:




Induced Gravitational Waves

» The induced GWs associated with PBHs formation:

comoving scales
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horizon exit
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Credited by D. Baumann



Induced Gravitational Waves

» The perturbed spacetime in Newtonian gauge:
d*s = aQ(T){—(l—?I))dTZnL [(1+2¢)5ij+%hij]dmidﬁ}

where @ is the Bardeen potential and h;; is the 2nd-order tensor perturbation.

» The source term during the radiation-dominated era:

3
S)(7) =4 (;113’ e’ (k, p)[?@ Dy_p+H 2O, Py [+ H O Py, +H DDy }

The projection:

%pg(l — pu?)cos2p, A=+ k- p
_ e*(k, p) = ey, (K)pipm = { ;U= —— = cosl
° vL@UQ(I — p4?)sin2p, A\ = x P
K. N. Ananda, C. Clarkson, and D. D. Baumann, P. J. Steinhardt, K. Takahashi, and
Wands, Phys. Rev.D75, 123518 (2007) K. Ichiki, Phys. Rev. D76, 084019 (2007)



Induced Gravitational Waves

» The correlator of the GWs:

(W (TR (7)) = ﬂzt’r) /T dry /T dragk(7,71) gk (7, 2)a(11)a(72) (St (11) S (72))
The Green function: 1
gr(T,7m1) = Z sin(kTt — km)O(1 — 11)

Evolution of the Bardeen potential:

sin(z/v/3)

‘I’k(T)E /\f

— cos(z/V/3)

T(kr)Ge  T(2) = [

Lol

Four-point correlator (Wick's theorem) :

(épék—péqék’—@ :@pgk—pﬂéqék’—q) + (épéq><£k—p£k’—q> <
<Cp<k’—q> (Ck—pcq>
However, (Cpck p) = (27]-)32;- 5(3)(1{)}:’(:(;)) vanishes when k # 0




Induced Gravitational Waves

» The power spectrum of the induced GWs:

1+y 4y? — (1 + 3> — 2?)? .
PED (1. ) / 4 / [ y %5 )} Pe(ke)Pe (ky) Fro (k. 7 2, y)

where

4 1

512 [coa (2)I2 + sin®(2)Z2 + sin(22)Z.Zs) .

Frp(k,7,2,y) =

and the functions Z. and Z, are given by

T(x,y) = 4/100 dzy(— 2z sin zl){QT(mzl)T(yzl) + [T(;ﬂzl) - :I:le’(:Ezl)] [T(*yzl) + yle’(yzl]]} ,

L(e.) =1 [ dai(ercos ) {20 (@) Tya1) + [Tlon) + oo T ()] [Tya) + ya T )]}

respectively, where z; = k71. And we have introduced the variables x = |k — p|/k and y = p/k.

For the power spectrum of the primordial curvature perturbation of any

shapes, one could obtain the corresponding power ﬂoectrum for the
Bartolo, V. De Luca, G. Franciolini, M. Peloso, and

induced GWs. A. Riotto, (2018), arXiv:1810.12218 [astro-ph.CO]

<



Induced Gravitational Waves in SSR Mechanism

» From the inflationary era to the radiation-dominated era:

In our recent work (1902.08187), we studied the possibilities of producing
the induced GWs from inflation to radiation in the SSR mechanism.

comoving scales
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Induced Gravitational Waves in SSR Mechanism (Super-Hubble Scale)

» On the super-Hubble scales
The perturbed inflation could provide the anisotropic stress which induces the

GWs: ;». P Pp -
(M) =433 | Gr® (6 P)00p(T)00k—p(7)
The power spectrum for the GWs: (06p00Kp0Pqddw q)
1+ _ 22)2 2
PsuDer k,T) / dy/ y [ 14—;3 ) ] Pe(kx)Pe(ky) Fnt(k, 7, u)

Since the period of the sound speed oscillation ¢, is larger than the period from the Hubble crossing to
the end of inflation, and the amplitude of oscillation (i.e. §) is also small, hence the function Fy,e(k, 7, u)

is approximately
2
Froi(k, 7,u) =~ 16602 {u + zcos(z +u) —sin(z + u)] :

where u = k/px.



Induced Gravitational Waves in SSR Mechanism (Super-Hubble Scale)

» Comparison with the RD

. 1_|_y 1_|_ _$2 2 2
o) = [y / [ iy -2) ] Pe (k)P (ky) Fuas(k, 7, u)

dxy

log10 Pn log1g Pp

(4?4 y? - a?)?)?
PRD k,T)= / dy/ |: d y ) :| Pg(km)PC(ky)FRD(kﬁszay)

-10}

— Inflation(multi-peak)

— Radiation(multi-peaks)
----- Inflation(single peak) _

25l . . \1091()”40*

-4 -3 -2 -1 0

----- Radiation(slingle peak)

1’ log1p k/p




Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)

» On the sub-Hubble scale

In principle, one could perform the same procedure as before:

<5¢3p(7'1)5<£‘k—p(Tl)fs‘ﬁgq(TQ)a‘%k’—q(TQ»
It's not easy to calculate this formula, e.g. the time ordering.
The power spectrum:

. . - - 272
(O[R* (7, %) hij (T, x)[0) = ! /dgk 7 @) (0hg(T)hy(7)]0) = 626 (k + p) = Py (k, 7)

k3

4 o0 T .
‘PE“b(k, q-*) — 411/[4!63/ dppG/ db 3i115 A Phase mtegral
oAV, 0 0

2
X Time integral

M. Biagetti, M. Fasiello, and A. Riotto, Phys. Rev. D88,
103518 (2013), arXiv:1305.7241 [astro-ph.CO].

/ * 712 (11) g (e, T1)0Gp(T1)6Pp_p| (T1)

i




Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)

» The phase integral: the thin-ring approximation

Phase integral

The major contribution to Py:
The sub-Hubble modes of 6(75\pin the neighborhood of
the characteristic scale p. can be exponentially amplified.

The thing ring:
The effective space for the phase integral is thus the
subspace of the overlapping region.

2m&2pl/k, k> 5p.
All = / dpp?d cos Odp =
4W€p§7 k< %P*




Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)

» The time integral: a numerical way

Complicated solution: . (1) = ‘L;; giv () (@C(’”)_; (i)(cﬂr)()v;r féf()v();(ﬁ;f)’v) +5'(v))

Time integral:

/ﬂ A7y (71) g (T, T1) 80 (T1) 8P (T1) = Apdu’

X e [6_2“"(1 +iu)(—i — us) + e 245 (1 — ju) (i — us)|

tu+2iv

H? /l‘b‘ ds [1 — 2¢(1 — cos(2s))] M?(s,v)

The power spectrum:

PEUb(k:T*) = {

T(u,v) :/1’“ ds[1 —2£(1 — cos(2s))] e™*

x [e72 (1 +du)(—i — us) + e " (1 — iu) (i — us)]
y {S(s) (iIC(v) = C'(v)) + C(s) (=iS(v) + S’(v))} 2
—S5(v)C"(v) + C(v)S'(v) '




Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)

» The contributions from the inflationary era

The main contribution from the sub-Hubble scale:

109

: (1) The expansion of the Universe from the beginning of the
- : sound speed oscillation to the Hubble crossing of the p,
F mode: (7; — 7.)/Te =~ €2V, where AN is the e-folding
108 [ number for this period of inflation. The GWs induced
F by the super-Hubble modes are actually contributed from
= LU e the integral f:“d in Py, i.e., from the Hubble crossing of
o6 E ---- the p. mode to the end of inflation Tenq: (74 — Tend ) /7w =~
i 1. In the SSR mechanism, e2" ~ O(100) is quite larger
102 [ than 1.
1024 E = = Super-Hubble
I = Sub-Hubble
jonE — — - - (2) During the late stage of the resonance, the mode function
104 10° 102 10" 10°

d¢,. (7) oscillates in a trigonometric way, giving rise to
a non-vanishing central value of ﬁgbf}‘ which accumulates
in the time integral in Py,.

k/ps

The values of parameters we used as follows:

e =103, v =200, £ = 0.1 and ng = 0.968.



Induced Gravitational Waves in SSR Mechanism

» Dependence on the parameters

o T ] The power spectra are diminished
; : by decreasing any of them while
ol | ; the shapes of the curves remain
' | | barely changed.
ﬂf 10‘": |

-~

e E=10_3,V=200,§=U.1 )
| — e=107,v=200,£=0.1 f j v = —p,T; controls the duration
10| — 107v=1504=01 \ of resonance: ¢ controls the
[ —— €=1073,v=200£=0.075 O
/ rate of amplification; € appears
B in the overall normalization.
104 0.001 0.010 0.100 1

k/p.

.




Induced Gravitational Waves in SSR Mechanism
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fe) ¢ * R N ! - I
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. 10 Radiation 108 | ::l?:aTd’;‘anon -
A ~8.41 x 107° (LISA), ool 7" LISA 1o ska | ]
A ~ 2.05 % 10—7 (SKA&IPTA)} RD o | [ressnns Enr‘ElOpE , | - I I I : Envelope| |
106 10° 10* 103 102 107" 10 10 109 10°® 107 10°
¥y ™ 2*0’ 5 ~ —50*4:? fl’_’, — 1.6f* . f[HZ] f[HZ]




Summary

* We studied the induced GWs In the SSR mechanism, which originate from
both the inflationary era and the radiation-dominated phase.

* The signal of the induced GWs by the sub-Hubble modes is much larger
than the GWs induced by the sub-Hubble modes.

* Summing up all contributions, the energy spectra of the induced GWs
display a unique double-peak pattern, which is potentially detected by

forthcoming GW experiments, like LISA, SKA and IPTA. The GW observation
could provide constraints on the SSR mechanism.



