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SSR Mechanism

➢ A phenomenological model with a time-dependent 𝒄𝒔
𝟐:

➢ Equation of Motion:

Mukhanov-Sasaki variable:
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➢ Oscillating sound speed:

The amplitude: 𝜉is small and 𝜉 < 1/4 such that 𝑐𝑠
2 is positively definite. 

The characteristic scale: 𝑝∗ is the oscillation frequency.
The beginning of oscillation: 𝑝∗𝜏𝑖 ≫ 1.

Y.-F. Cai, X. Tong, D.-G. Wang, and S.-F. Yan, Phys. Rev. Lett. 121, 081306 (2018)



SSR Mechanism

➢ Non-trivial mode function (combinations of the Mathieu sine and 
Mathieu cosine functions):

where 

The EoM can be rewritten in the standard form of the Matheiu
equation:

where 

Parametric resonance
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SSR Mechanism

➢ Enhanced curvature perturbation:

Spikes on small scales, scale-invariant on large scales

Enhancement factor
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PBHs as the Sources of the Gravitational Waves

➢ PBHs as the sources of GWs:

• PBHs merger: 
Merger events observed by LIGO (solar masses)

• Induced GWs: 
At the non-linear level, different k-modes of scalar   

perturbations couple with each other and could be the 
sources of the tensor perturbations, i.e. the GWs.

Idea: The enhanced primordial density perturbation 
might induce the large GWs! These could be another 
indirect detect way of PBHs.
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Basic Formulae for the Gravitational Waves

➢ The EoM for the GWs:

TT part of the sources

TT projection:

In Fourier space:

where

The two polarizations 
might not be equivalent 
in the present of source 
terms.

➢ The Background:

Spatially flat Friedman-Robertson-Walker (FRW);

Friedmann equations;
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Basic Formulae for the Gravitational Waves

➢ The solution of the GWs (Green function method):

where

➢ The power spectrum:

The canonical quantization of the GWs (Ford&Parker1977):

The equal time canonical commutation:
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Basic Formulae for the Gravitational Waves

➢ The energy spectrum (a stochastic background of the GWs):

The effective energy density of the GWs:

The relation to 𝑃ℎ:

Many problems, 
but most used one.
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Induced Gravitational Waves
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Credited by D. Baumann

➢ The induced GWs associated with PBHs formation:



Induced Gravitational Waves

➢ The source term during the radiation-dominated era:

where Φ is the Bardeen potential and ℎ𝑖𝑗 is the 2nd-order tensor perturbation.

➢ The perturbed spacetime in Newtonian gauge:

The projection:
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K. N. Ananda, C. Clarkson, and D. 
Wands, Phys. Rev.D75, 123518 (2007)

D. Baumann, P. J. Steinhardt, K. Takahashi, and
K. Ichiki, Phys. Rev. D76, 084019 (2007) 



Induced Gravitational Waves
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➢ The correlator of the GWs:

The Green function:

Evolution of the Bardeen potential:

Four-point correlator （Wick’s theorem）:

vanishes when 𝒌 ≠ 0However,



Induced Gravitational Waves
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➢ The power spectrum of the induced GWs:

For the power spectrum of the primordial curvature perturbation of any 
shapes, one could obtain the corresponding power spectrum for the 
induced GWs.

N. Bartolo, V. De Luca, G. Franciolini, M. Peloso, and
A. Riotto, (2018), arXiv:1810.12218 [astro-ph.CO]



Induced Gravitational Waves in SSR Mechanism
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➢ From the inflationary era to the radiation-dominated era:

Sub

Super

RD

In our recent work (1902.08187), we studied the possibilities of producing 
the induced GWs from inflation to radiation in the SSR mechanism.



Induced Gravitational Waves in SSR Mechanism (Super-Hubble Scale)
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➢ On the super-Hubble scales

The perturbed inflation could provide the anisotropic stress which induces the 
GWs:

The power spectrum for the GWs:



Induced Gravitational Waves in SSR Mechanism (Super-Hubble Scale)
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➢ Comparison with the RD



Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)
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➢ On the sub-Hubble scale

In principle, one could perform the same procedure as before:

It’s not easy to calculate this formula, e.g. the time ordering.

The power spectrum:

Phase integral

Time integral
M. Biagetti, M. Fasiello, and A. Riotto, Phys. Rev. D88,
103518 (2013), arXiv:1305.7241 [astro-ph.CO].



Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)
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➢ The phase integral: the thin-ring approximation

The major contribution to 𝒫ℎ: 
The sub-Hubble modes of 𝛿෢𝜙𝑝in the neighborhood of 
the characteristic scale 𝑝∗ can be exponentially amplified.

The thing ring: 
The effective space for the phase integral is thus the 
subspace of the overlapping region.

Phase integral



Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)
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➢ The time integral: a numerical way 

Complicated solution:

Time integral:

The power spectrum:



Induced Gravitational Waves in SSR Mechanism (Sub-Hubble Scale)
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➢ The contributions from the inflationary era

The main contribution from the sub-Hubble scale:

（1）

（2）



Induced Gravitational Waves in SSR Mechanism
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➢ Dependence on the parameters

The power spectra are diminished 
by decreasing any of them while 
the shapes of the curves remain 
barely changed.

𝑣 = −𝑝∗𝜏𝑖 controls the duration 
of resonance; 𝜉 controls the 
rate of amplification; 𝜖 appears 
in the overall normalization.



Induced Gravitational Waves in SSR Mechanism
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➢ The energy spectra 
observed at the present

RD

Inflation

➢ The parametrization

RD

Inflation



• We studied the induced GWs in the SSR mechanism, which originate from 
both the inflationary era and the radiation-dominated phase.

• The signal of the induced GWs by the sub-Hubble modes is much larger 
than the GWs induced by the sub-Hubble modes.

• Summing up all contributions, the energy spectra of the induced GWs 
display a unique double-peak pattern, which is potentially detected by 
forthcoming GW experiments, like LISA, SKA and IPTA. The GW observation 
could provide constraints on the SSR mechanism.

Summary


